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Qubit: a two-level quantum system

From Qubits to Collective Spin
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Quantum Spin Squeezing
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Quantum Spin Squeezing
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Matter-wave interferometry 
~1.7 dB below SQL.
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Quantum Spin Squeezing
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Quantum Spin Squeezing

 Rydberg-mediated Spin Squeezing

Monika Schleier-Smith

~1.1 dB metrological squeezing

Phys. Rev. Lett. 131, 063401 (2023)
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Quantum Spin Squeezing

 Rydberg-mediated Spin Squeezing

Antoine Browaeys

Nature 621, 728 (2023).

~3.5 dB observed squeezing and about 5 
dB after detection-error correction
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Quantum Spin Squeezing

Adam M. Kaufman

 Rydberg-mediated Spin Squeezing

88Sr optical tweezer clock 
~4 dB metrological gain

Nature 621, 734 (2023).



Quantum Nonlocality and Bell’s Inequalities

Local hidden-variable model 𝝀

Quantum entanglement predicts 
correlations that violate this bound

In 1935, Einstein, Podolsky and Rosen argued that correlations between 
distant particles might be explained by local hidden variables.

Correlation function

The local realism implies

John Stewart Bell 
(1928-1990)
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Quantum Nonlocality and Bell’s Inequalities

Clauser–Horne–Shimony–Holt (CHSH) inequality

A pair of polarization-entangled photons

Alice chooses one of two polarization measurement settings

Bob choose

𝛼0,1 𝛽0,1
The CHSH parameter combines four correlations:

Clauser, Horne, Shimony, and Holt, Phys. Rev. Lett. 23, 880 (1969).

Local hidden-variable theories

Quantum mechanics predicts
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Quantum Nonlocality and Bell’s Inequalities

17

John Clauser

Anton ZeilingerJean DalibardAlain Aspect



Quantum Nonlocality and Bell’s Inequalities

Daniel M. Greenberger Michael Allan Horne Anton Zeilinger

D. M. Greenberger, M. A. Horne, and A. Zeilinger, Going Beyond Bell’s Theorem (1989).

For the three-particle GHZ state,

quantum mechanics predicts

GHZ Paradox: Bell’s Theorem Without Inequalities
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Local realism predicts

Nature 403, 515–519 (2000)

Jianwei Pan



Quantum Nonlocality and Bell’s Inequalities
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Bell Correlations with Many-body Quantum States 
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Can nonlocality be detected using only one- and two-body 
correlations?

Science 344, 1256 (2014).

Jordi Tura Maciej Lewenstein

Why is many-body nonlocality hard?

For an N-body Bell experiment, in principle the full correlation 
vector has dimension 3𝑁 − 1 !

Permutation symmetry reduces the inequality to



Bell Correlations with Many-body Quantum States 
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Spin squeezing is not only a resource 
for metrology, but also a witness of 
many-body entanglement!



Spin-1 Bose Einstein Condensate
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Spin-mixing dynamics

𝑞

𝑚𝐹 = −1 0 1

Effective quadratic 
Zeeman shift

• External degree • Internal degree

Single-mode approximation

(F=1)

T.-L Ho, Phys. Rev. Lett. 81, 742 (1998).

T. Ohmi and K. Machida, J. Phys. Soc. Jpn 67, 1822 (1998).

C. K. Law, H. Pu, and N. P. Bigelow, Phys. Rev. Lett. 81, 5257 (1998). 
MIT, ENS, JILA, MPQ, Berkeley, 

Hannover, NIST, Gatech,…



Optical parametric amplification (OPA)

pump

signal

idler

nonlinear

crystal

𝑞 = 𝑐2 𝑁0 ≈ 𝑁

෡𝐻 ≃ 𝑐2 𝑒2𝑖𝜃0 ො𝑎1 ො𝑎−1 + 𝑒−2𝑖𝜃0 ො𝑎1
† ො𝑎−1

†

𝑞

𝑚𝐹 = −1 0 1

Spin-1 Bose Einstein Condensate

23

L.-M. Duan, A. Sørensen, J. I. Cirac, and P. Zoller, Phys. Rev. Lett. 85, 3991 (2000).

H. Pu and P. Meystre, Phys. Rev. Lett. 85, 3987 (2000).
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Spin-1 Bose Einstein Condensate

Twin-Fock state ~11,000 

rubidium-87 atoms
Science 355, 620 (2017).
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Spin-1 Bose Einstein Condensate

Spin-1 Nematic (Quadrupole) Operators

Spin (dipole) operators
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Spin-1 Bose Einstein Condensate

Ö zgür E. Müstecaplıoğlu

U-V pseudospins

𝑼 and 𝑽 pseudospins combine into spin dipoles and 
nematic quadrupoles
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Michael Chapman

Spin-1 Bose Einstein Condensate

Spin squeezing ×

Spin-Nematic squeezing √
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Spin-1 Bose Einstein Condensate
beyond the three-mode SQL

Z. Zhang and L.-M. Duan, Phys. Rev. Lett. 111, 180401 (2013).
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Spin-1 Bose Einstein Condensate



Liu QiMao Tianwei

optimal squeezing detected ~ 12dB

30

Quantum Metrology by Echoing the Spin-nematic Squeezing

Nat. Phys. 19, 1585–1590 (2023)
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Sensitive to detection noise

Robust to detection noise
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Quantum Metrology by Echoing the Spin-nematic Squeezing

E. Davis, G. Bentsen, and M. Schleier-Smith, Phys. Rev. Lett.116, 053601 (2016)
F. Fröwis, P. Sekatski, and W. Dür, Phys. Rev. Lett.116, 090801 (2016)

S. C. Burd, R. Srinivas, J. J. Bollinger, et al.,Science 364, 1163(2019)



32

Quantum Metrology by Echoing the Spin-nematic Squeezing

The effectively time-reversed evolution 

best disentangles the probe state at

𝑁 = 26500, 𝐵 = 0.537 G, 𝑐2 = 2𝜋 × 3.9 Hz



15.6±0.5dB
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Quantum Metrology by Echoing the Spin-nematic Squeezing
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Quantum Metrology by Echoing the Spin-nematic Squeezing

Ramsey interferometry nested with echoing sequence

optimal gain: 16.5 dB

single-shot sensitivity for microwave field sensing: 40.6 pT
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Joint Estimation of a Two-phase Spin Rotation

Cao Jiahao Li Xinwei



⚫ Sensitive to the two-phase rotation

⚫ To measure 𝑄𝑦𝑧 and 𝑄𝑥𝑧 simultaneously

36

Joint Estimation of a Two-phase Spin Rotation
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𝑭 = 𝟏

𝑭 = 𝟐
𝜋/2

Split local oscillator𝑎𝑆 and 𝑎𝐴 Simultaneous homodyne

𝑁2,−1
𝑜𝑢𝑡 − 𝑁1,−1

𝑜𝑢𝑡 =
𝑖𝜀1

2
−𝑎1,+1

† 𝑎1,0 − 𝑎1,−1
† 𝑎1,0 + 𝑎1,0

† 𝑎1,+1 + 𝑎1,0
† 𝑎1,−1 = 𝜀1 𝑄𝑦𝑧

𝑁2,+1
𝑜𝑢𝑡 − 𝑁1,+1

𝑜𝑢𝑡 =
𝜀2

2
𝑎1,+1
† 𝑎1,0 − 𝑎1,−1

† 𝑎1,0 + 𝑎1,0
† 𝑎1,+1 − 𝑎1,0

† 𝑎1,−1 = 𝜀2 𝑄𝑥𝑧

𝜀1 ≈ 𝜀2 ≈ Τ1 2

Joint Estimation of a Two-phase Spin Rotation



5~6 dB

≈12 dB

⚫ only measure 𝑄𝑦𝑧 or 𝑄𝑥𝑧

⚫ measure 𝑄𝑦𝑧 and 𝑄𝑥𝑧 simultaneously

38

Joint Estimation of a Two-phase Spin Rotation

Red dots: polar state

Blue dots: spin-nematic squeezed state

ȁ ۧ0𝑁0
𝑁 = 26500, 𝑐2 = 2𝜋 × 3.8 Hz



Three-outcome Bell inequalities 

A general Bell scenario is defined by: 𝑵,𝒎,𝒅

𝑁 number of parties

measurement choices per party

possible outcomes per measurement

𝑚

𝑑

• CHSH-type

• Spin squeezed state

𝟐, 𝟐, 𝟐

𝑵, 𝟐, 𝟐

Spin-1 atoms naturally realize a three-outcome 
system 𝑵, 𝟐, 𝟑

𝛼0,1 𝛽0,1

39



Three-outcome Bell inequalities 
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Full many-body distribution

Keep only one- and two-body 
probabilities

permutation invariance

Spin-exchange symmetry

Bell inequality

Guillem Müller-Rigat Matteo Fadel



Three-outcome Bell inequalities 

41

Guillem Müller-Rigat Matteo Fadel

⇕

Bell witness that converts the probabilities into 
measurable observables.

nematic fluctuations depletion from mF=0

LHVM bound

Bell correlated / Qubits bound

Qutrit Bell correlations

𝑾 < 𝟏 can not be explained by 𝑵 qubits correlation!



Three-outcome Bell inequalities 
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Wenxin Xu Junshuang Hu

Spin-mixing

Qi Liu



Three-outcome Bell inequalities 
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At least 48% of atoms 
require a Qutrit 
description!



Three-outcome Bell inequalities 
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Spin-1 Bose Einstein Condensate
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