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Multiparameter metrology — Many-Repetition Scenario
IAGOBA APELLANIZ et al. PHYSICAL REVIEW A 97, 053603 (2018)

FIG. 1. Schematic representation of an atomic ensemble (blue
cloud) placed in a magnetic field (green lines) in a Stern-Gerlach
apparatus. From the final state the gradient of the field can be
estimated. Note that the field intensity changes along the cloud of
atoms, while the direction is always the same from north (N) to south
(S) within the cloud. For an easier presentation, a setup is shown where
the direction of the magnetic field is parallel to the cloud, however,
this does not have always to be the case.

single-ensemble methods in the sense we use this expression
in our paper since in this case not only collective observables
are measured [18–20]. There is a method based on collective
measurements of the spin length of a fully polarized ensemble
given in Ref. [48]. There is also a scheme based on many-body
singlet states described in Ref. [45].

We use the quantum Fisher information (QFI) and the
Cramér-Rao (CR) bound in our derivations [4,49–53]. Due to
this, our calculations are generally valid for any measurement,
thus they are relevant to many recent experiments [14–20,48].
We note that in the case of the spin singlet, our precision bounds
are saturated by the metrological scheme presented in Ref. [45].

We can also connect our results to entanglement theory
[54–56]. We find that the shot-noise scaling cannot be sur-
passed with separable states, while the Heisenberg scaling
can be reached with entangled states. However, the shot-noise
scaling can be surpassed only if the particle positions are
correlated, which is the case, for instance, if the particles attract
each other.

Next, we present the main characteristics of our setup.
For simplicity, as well as following recent experiments (e.g.,
Ref. [18]), we consider an ensemble of spin-j particles placed
in a one-dimensional arrangement. The atoms are then situated
along the x axis with y = z = 0. We assume that we have
particles that behave classically with respect to their spatial
state. That is, they cannot be in a superposition of being at two
different places. On the other hand, they have internal degrees
of freedom, their spin, which is quantum. This is a very good
description to many of the cold gas experiments.

Based on these considerations, we assume that the state is
factorizable into a spatial part and a spin part as

! = !(x) ⊗ !(s), (1)

where the internal state is decomposed in its eigenbasis as

!(s) =
∑

λ

pλ|λ〉〈λ|. (2)

For the spatial part defined in the continuous Hilbert space,
we assume that it can be modeled by an incoherent mixture of

pointlike particles as

!(x) =
∫

P (x)
〈x|x〉

|x〉〈x|dx, (3)

where x = (x1,x2, . . . ,xN ) is a vector which collects all the
particle positions, P (x) is the spatial probability distribution
function of the atoms, and dx denotes dx1dx2 . . . dxN . Note
that the spatial part (3) is diagonal in the position eigen-
basis, which simplifies considerably our calculations (see
Appendix B for more details). During the evolution of the state,
correlations might arise between the internal and the spatial
parts and the product form (1) might not be valid to describe
the evolution of the system.

First, we consider spin chains and two particle ensembles at
different places. The gradient measurement with two ensem-
bles is essentially based on the idea that the gradient is just the
difference between two measurements at different locations.
With these systems, it is possible to reach the Heisenberg
scaling.

We also examine in detail the case of a single atomic en-
semble. Since in such systems the atoms cannot be individually
addressed, we assume that the quantum state is permutationally
invariant (PI). We show that for states insensitive to the
homogeneous magnetic field, one can reduce the problem to a
one-parameter estimation scenario. Single-ensemble measure-
ments have certain advantages because the spatial resolution
can be higher and the experimental requirements are smaller
since only a single ensemble must be prepared.

For completeness, we mention the case of Bose-Einstein
condensates (BEC). The spatial state in this case is pure

!
(x)
BEC = (|#〉〈#|)⊗N, (4)

where |#〉 is the spatial state of a single particle. Hence, the
spatial state is delocalized and it is not an incoherent mixture
of various eigenstates of x. While we do not consider such
systems in detail, our formalism could be used to model them.

We now outline the model we use to describe the interaction
of the particles with the magnetic field. The field at the atoms
is given as

B(x,0,0) = B0 + x B1 + O(x2), (5)

where we neglect the terms of order two or higher, and where
O(ξ ) is the usual Landau notation to describe the asymptotic
behavior of a quantity, in this case for small ξ . We consider
the magnetic field pointing in the z direction, hence, B0 =
B0(0,0,1) and B1 = B1(0,0,1). For this configuration, due to
the Maxwell equations, with no currents or changing electric
fields, we have

div B = 0, curl B = (0,0,0). (6)

This implies
∑

l=x,y,z ∂Bl/∂l = 0 and ∂Bl/∂m − ∂Bm/∂l = 0
for l %= m. Thus, the spatial derivatives of the field components
are not independent of each other. In this paper, however, we
consider an elongated trap. In the case of such a quasi-one-
dimensional atomic ensemble, only the derivative along the
axis of the trap has an influence on the quantum dynamics of
the atoms or a double-well experiment.

We determine the precision bounds for the estimation of
the magnetic field gradient B1. We calculate how the precision
scales with the number of particles. We compare systems
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Vector field sensing


Fundamental Distinction from  
Single-Parameter Metrology: 
Incompatibility of optimal measurements

Paradigmatic 
example:

Ĥ = Bx
̂Jx + By

̂Jy + Bz
̂Jz, [ ̂Jx, ̂Jy] = i ̂Jz

• Fundamental precision bounds are given by the Fisher information framework.

• What is the optimal quantum sensor achieving these bounds?

• How to build it?

}K

• Encode a vector of  parameters 
 

into a quantum state


• Estimate parameters using  independent 
measurements

d
ϕ = {ϕ1, ϕ2, …, ϕd}

K

arXiv:2404.14194 
DV, A. Shankar, R. Kaubruegger, P. Zoller
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Fundamental Precision Limits
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Matteo G. A. Paris, Int. J. Quant. Inf. 7, 125 (2009)

Jing Liu et al 2020 J. Phys. A: Math. Theor. 53 023001 

}K

The aim is to estimate deviation of 
parameters from  using  
independent measurements:

ϕ0 K  

vector of  measurement 
outcomes

μ = (μ1, …, μK)T

K

Conditional probability (Likelihood):


,                  p(μ |ϕ) =
K

∏
k=1

p(μk |ϕ)

p(μ |ϕ) = Tr{Mμ |ψϕ⟩⟨ψϕ |}, ∑
μ

Mμ = 𝕀, Mμ ⪰ 0

Figure of merit is the mean squared error: 

MSE(ϕ) = ∑
μ

(ϕ − ξμ)2 p(μ |ϕ)
|ψϕ⟩ = U(ϕ) |ψin⟩

Fisher Information Matrix 
sets bounds on the achievable MSE

Cramer-Rao bound and Fisher information approach
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• We impose unbiasedness constraint on estimators: 


•
Then the MSE for  measurements is limited by the Fisher information    




• The CRB is saturated by the Maximum Likelihood Estimator (MLE) asymptotically for  

         

⟨ξm⟩pϕ(m) = ϕ

K F = ∑
μ

∇p(μ |ϕ)∇T p(μ |ϕ)
p(μ |ϕ)

K × MSE(ϕ) ≥ Tr{F−1}
≥ Tr{F−1

Q }

≥ ΔHL ∼ d2/N2

K ≫ 1
ξML

μ ≡ arg maxϕ p(μ |ϕ)

Depends on state 
and measurement

the CRB
the QCRB,

the Heisenberg limit FQ = max
{Mμ}

F

Matteo G. A. Paris, Int. J. Quant. Inf. 7, 125 (2009)

Jing Liu et al 2020 J. Phys. A: Math. Theor. 53 023001 

Cramer-Rao bound and Fisher information approach
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• We impose unbiasedness constraint on estimators: 


• Then the MSE for  measurements is lower bounded by the chain of inequalities

 

optimised over estimators and measurements and states 

• The CRB is saturated by the  

Maximum Likelihood Estimator (MLE) for  

           

it is unambiguous only within  
a certain domain in parameter space.

⟨ξm⟩pϕ(m) = ϕ

K

K × MSE(ϕ) ≥ ΔCRB ≥ ΔQCRB ≥ ΔHL ∼
d2

N2

K ≫ 1
ξML

μ ≡ arg maxϕ p(μ |ϕ)

6

Matteo G. A. Paris, Int. J. Quant. Inf. 7, 125 (2009)

Jing Liu et al 2020 J. Phys. A: Math. Theor. 53 023001 

Cramer-Rao bound and Fisher information approach
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Example: 
3D sensing,  

with 4 qubits
ϕ = {ϕx, ϕy, ϕz}

How to find the optimal sensor?
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Optimality Criteria

7

• Our goal is to formulate a cost function which identifies the optimal sensor with the following 
properties:


(i) Achieves the QCRB (or HL) at a given phase value of interest 


(ii) Maximizes the domain of unambiguous estimation around 


• Straightforward solution: 

,          Fisher matrix  

Minimize the CRB over input states  and measurements  and use the MLE.


• Does not work because the Fisher matrix is agnostic to criterion (ii)

ϕ0

ϕ0

ΔCRB = Tr{F−1} F = ∑
μ

∇p(μ |ϕ)∇T p(μ |ϕ)
p(μ |ϕ)

|ψin⟩ Mμ

S. Kurdziałek et al,  
PRL 130, 160802 (2023)
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Issue of Estimation Unambiguity 

8
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• Example: Estimation of a single phase  in the vicinity of  

Optimal sensor is the GHZ state-based interferometer

• Optimal input state 

, 

the quantum Fisher 


• Optimal measurement basis 

, 

the classical Fisher  

is independent of  

ϕ ϕ0 = 0

|GHZ⟩ =
1

2
( | ↓ ⟩⊗N + | ↑ ⟩⊗N)

FQ = N2

| ± ⟩ =
1

2
(eiθ | ↓ ⟩⊗N ± ie−iθ | ↑ ⟩⊗N)

F = FQ = N2

θ

Estimation (Un)Ambiguity
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• Example: Estimation of a single phase  in the vicinity of  

Optimal sensor is the GHZ state-based interferometer

• Optimal input state 

, 

the quantum Fisher 


• Optimal measurement basis 

, 

the classical Fisher  

is independent of  

ϕ ϕ0 = 0

|GHZ⟩ =
1

2
( | ↓ ⟩⊗N + | ↑ ⟩⊗N)

FQ = N2

| ± ⟩ =
1

2
(eiθ | ↓ ⟩⊗N ± ie−iθ | ↑ ⟩⊗N)

F = FQ = N2

θ

0

1

p + Optimal
measurement

µ = 0

(a)

¡max°¡max

°º °º/2 0 º/2 º

¡

0

1

p + Shifted
measurement

µ = º/2

(b)Unambiguous estimation

is impossible!

Unambiguous estimation

for ϕ ∈ [−

π
2N

,
π

2N
]

Estimation (Un)Ambiguity



uibk | 11

Symmetric Logarithmic Derivative (SLD) based 
measurement. 
It involves a projector onto the evolved state 

 and projectors defined by the SLDs|ψϕ0
⟩⟨ψϕ0

|

2D Example of Estimation (Un)Ambiguity

T. Baumgratz and A. Datta, PRL 116, 030801 (2016).

2D Quantum 
Compass

Simulation of 
estimation using 

 
measurements 
and MLE. 
 

 atoms

K = 105

N = 4
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2D vector field

sensing


 ϕ = {ϕx, ϕy}
U = e−iϕ⋅J
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Asymptotic Bayesian Cost 
as 

Metrological Cost Function
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Metrological Cost Function: Asymptotic Bayesian Cost

Prior knowledge

𝒫(ϕ)

outcome μ1

outcome μK

…

Posterior

measurement K

Posterior

measurement 1

 measurement repetitions K

Bernstein-von Mises Theorem:

posterior for K ≫ 1

p(ϕ |μ) → 𝒫K(ϕ) ∝ exp [−
K
2

(ϕ − ϕ0)F(ϕ − ϕ0)],

Fisher Information matrix

ϕ0

Prior knowledge

𝒫K(ϕ)

Single shot Bayesian cost

K → ∞

ΞK = ∑
ν

∫ dϕ (ϕ − ζν)2p(ν |ϕ)𝒫K(ϕ − ϕ0)

Kaubruegger, et.al., PRX QUANTUM 4, 020333 (2023) 

Fixed unknown  
true phase ϕ0
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Metrological Cost Function: Asymptotic Bayesian Cost

ϕ0

Prior knowledge

𝒫K(ϕ)

Single shot Bayesian cost

ΞK = ∑
ν

∫ dϕ (ϕ − ζν)2p(ν |ϕ)𝒫K(ϕ − ϕ0)

R. Kaubruegger, A. Shankar, DV, P. Zoller, 
PRX QUANTUM 4, 020333 (2023) 

•  can be efficiently optimized numerically with 

respect to the state, measurement, and estimator 




• State and measurement in the limit  

 

fulfill criteria (i) and (ii)


• We refer to the limiting solutions as 
Quantum Compass Solutions 

• QCs define the limiting performance for 
multiparameter estimation, see arXiv:2404.14194

ΞK

|ψin⟩K, {Mμ}K = arg min|ψin⟩,{Mμ},ζμ
ΞK

K → ∞

|ψin*⟩, {M*μ }K = lim
K→∞ [ |ψin⟩K, {Mμ}K]
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Quantum Compass Solutions
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Optimal two parameter estimation with SU(2) sensor

16

Initial state:


|ψin⟩ = |J = N
2 , m = 0⟩

Measurement basis:

Wigner function of  and  
Compass-like single-shot estimators 

|ψin⟩
ξμ
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(a) QC
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(b) SLD

0.1
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ϕx

MLE performance of 
the 2D QC solution, N = 4

|μ⟩ = 1

2J + 1

N/2

∑
m=−N/2

e−i π
2 ( 4μm

2J + 1 − |m |) | N
2 , m⟩
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Optimal three parameter estimation with SU(2) sensor

17

Wigner |Ψin⟩

N = 6

Majorana |Ψin⟩ Domain Ω*

N = 8

N = 12

QC is a direct multiparameter 
counterpart to the single-
parameter GHZ-state based 
interferometer

Ψ±1 =
1

2
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Approaching the Optimal Sensing Performance

Using


Variational Quantum Circuits 

18
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The Simplest Circuit:  Optimal Detection of the GHZ state

19

Rx ( π
2 ) Tz ( π

2 ) Rx(y)( π
2 )|J, J⟩ Ry ( π

2 )Tz[ π
2(N − 1) ]U(ϕ)

Jz

Phases are encoded via . 
We use global rotations  and one-axis twisting  

U(ϕ) = exp[−i(ϕxJx + ϕyJy + ϕzJz)]
Rα(θ) = e−iθJα Tα(θ) = e−iθJ2

α

N = 16
Close to the


QC for N = 3

F =
N 0 0
0 N 0
0 0 N2

Fisher matrix is anisotropic:

The HL can be reached by  
alternating state and measurement 
orientations.

Entangling Decoding
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Next lecture

Open positions:

‣ PhD students

‣ Postdocs

1. Beyond Spin Squeezing: Variational Quantum 

Metrology for Ramsey Interferometry and Atomic 

Clocks


2. Programmable Quantum Sensors and Quantum 

Compasses


3. Quantum Sensing Networks for Tests of 

Quantum Mechanics and General Relativity
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Conclusion

‣ Systematic method to identify the optimal 
quantum sensor, achieving fundamental 
precision bounds in the general setting of 
multiparameter estimation.


‣ Analytical QC solutions for 2- and 3-
parameters estimation using SU(2) sensors.


‣ Identify higher-order information matrices as a 
crucial ingredient for defining optimal sensors.


‣ Open avenues for quantum variational 
techniques to design low-depth quantum 
circuits approaching the optimal sensing 
performance in the many-repetition scenario.

arXiv:2404.14194


